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Abstract Established principles of economics and new developments in the  KEYWORDS

theory of box performance are combined in a theory of optimum fiber
distribution in single-wall corrugated boxes. The relationships among
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Fibers

component basis weights and component costs and bax compressive strengths - Linerboard
 are established. The optimization problem is set forth as minimizing fiber cost Corrugating medium

while satisfying a strength requirement. A graphical analysis of the solution

Compression strength

shows bow sub-optimal boxes may suffer from fiber overrun (a too-expensive
mix of linerboard and medium in a just-adequate box) and/or strength
overrun (too much fiber in a more-than-adequate box). Current cost data
indicate cost overruns of $0.29/100 m? 10 $0.99/100 m?. Using our solution
methods, box manufacturers can produce boxes that minimize fiber cost while

meeting strength requirements.

Research has shown how to estimate
box performance in terms of compres-
sivestrength for combinations of liner-
board and corrugating medium com-
ponents (1-5). Peterson (6) illustrated
how similar concepts provide a means
to calculate minimum cost designs for
corrugated containers. Here, we ex-
tend the previous studies and describe
an economic theory of optimum fiber
distribution in single-wall corrugated
boxes. We show how the optimal mix
changes as relative market values
change for linerboard and corrugating
medium, and we offer a graphic and
analytic interpretation of the theory.

Model of fiber cost

Fiber cost depends on the market
values of linerboard and corrugating
medium. Generally, materials of
heavier basis weight cost more. In
practice, there is a discrete set of basis
weights, and different basis weights
may differ slightly in value per unit
weight. Figure 1 is a general model of
how fiber cost in the combined board
dependson basis weights of linerboard
and corrugating medium. Along each
downward-sloping line, linerboards
and corrugating mediums of various
basis weights contribute the same
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fiber cost to the combined board. In
economics, these are called “iso-cost
lines.” Each line represents all combi-
nations of linerboard and corrugating
medium having the same fiber cost.
The iso-cost lines in Fig. 1 are based
on the assumptions that linerboard
and corrugating medium may differ
in value (in the converting plant, for
instance, with linerboard at $385/
metric ton, corrugating medium at
$375/metric ton) and that their respec-
tive costs vary only in proportion to
basis weight.

In Fig. 1, the slope and position of
the iso-cost lines depends on the values
of linerboard and corrugating me-
dium. The lower right window of the
figure shows, for example, how iso-
cost lines will be positioned if values
change for linerboard to $420/metric
ton and for corrugating medium to
$350/metric ton. )

In our model of fiber cost, each iso-
cost line is derived from basis weights
and values of components according
to the following formula:

FC=(FV x LW+ TF x MV x MW)/
10,0600 (1)
where

FC = fiber cost per unit area of com-

bined board ($/100m?)

FV = value perunit weightof linerboard
($/metric ton)

combined basis weight of two equal
linerboard facings (g/m?)

ratio of unfluted-medium length to
combined-board length (dimen-
sionless takeup factor)

MV = value per unit weight of medium
($/metric ton)

MW = basis weight of medium (g/m?).

In this model, we consider only
fiber cost and not other costs of pro-
ducing single-wall corrugated boxes,
such as labor or capital. Also, we look
only at fiber cost per unit of product,
per 100 m for instance, not at cost per
day or year. Changing the basis
weights of linerboard or corrugating
medium changes production costs and
affects production volume or speed.
These factors are important, of course,
but here we are looking only at fiber
cost as one factor in production.

Basis weights vs. performance

Whereas heavier components increase
cost, they also increase product value
because of better product perfor-
mance. Product performance for a



box is measured in terms of top-to-
bottom compressive strength (BCS).

A general theory has been set forth
to explain how a corrugated structure
derives strength from its components
in relation to several fictors(Z, 2). One
factor is flute profile, expressed in
terms of linerboard and corrugating
attachment points. By virtue of the
corrugated geometry, linerboard and
corrugating medium stabilize each
other against buckling forces. The
components’ thicknesses and the dis-
tance betweén adjacent flute-to-liner-
board attachment points are critical
in determining structural stability.

Another factor is the stress-strain
curve, which is sometimes more in-
fluential instrength development than
change in basis weight alone. When
subjected to edgewise loading, paper
exhibits a softening spring-like be-
havior. This characteristic can be mea-
sured and recorded in the form of a
stress-strain curve, which is like a
“fingerprint” of the fiber furnish and
all process variables that go into mak-
ing the paper (7). Component thickness
inthe BCS calculation is another factor
derived primarily from basis weight.
Although process variables can influ-
ence this dimension, their effect is
described by the stress-strain curve.

For this study, we programmeéd an
analysis to compute theoretical BCS
for combinations of basis weights,
flute profiles, and stress-strain curves
according to the following functional
notation:

 BCS=
J(LW, MW, flute, curvey, curvem) (2)

Flute denotes the variables needed
tocharacterize the flute profile. Curve;
and curvem denote the specific liner-
board and corrugating medium
stress-strain curves.

Before proceeding with a theoretical
strength analysis, we must make some
simplifying assumptions about manu-
facturing conditions. First, we assume
that the corrugator rolls’ profile, which
is subject to wear, remains constant
over areasonable time frame. Second,
we assume that a single pair of stress-
strain curves will represent all liner-
board and corrugating medium used.
We therefore let paper thickness in-
crease linearly with increasing basis
welght: the stress-strain properties
remain constant. In practice, stress-
strain values can be had from actual
inventory data.

A computer model based on Eq. 2
can be used to calculate how BCS
varies with LW and MW. In Fig. 2
appear the results, based on dimen-
sions characterizing the most common
flute structure (the C-flute) and on
average stress-strain curves from the
paper we had available to test. Iso-
strength contours in Fig. 2 show com-
binations of LW and MW that will
achieve certain BCS levels. Most not-
able is the nonlinear dependence of
BCS on LW and MW, This relationship

provides for an analytical selution for-

the economically best combination of
components based on basis weight.

Minimizing cost—graphic

solution
The solution of the lowest cest combi-

nation of linerboard and corrugating
medium for a given level of perfor-
mance is illustrated in Fig. 3, where
we have superimposed information on
fiber cost from F'ig. 1 with information
on box performance from Fig. 2. You
select the lowest fiber cost for a given
level of box performance by finding
the point on the corresponding iso-
strength curve where a line parallel to
the iso-cost lines is tangent to the
curve. In theory, there is only one
optimal point on each iso-strength
curve for the specific set of market
value assumptions that are contained
in the iso-cost lines. One such optimal
point in Fig. 8 is Point A, along the
65-kN contour. Point A is where a line
parallel to the iso-cost lines is tangent
to the 5-kN curve. Point A is the
lowest fiber cost option for producing
boxes at the 5-kN performance level.
The set of all such optimal points for
each level of strength defines an “eco-
nomic expansion path” for box perfor-
mance, the left-to-right diagonal.
‘Point A represents a combination of
two 297-g/m? linerboards and a 150-
g/m? corrugating medium. Although
no other combinations of linerboard
and corrugating medium provide
lower fiber cost at the same 5-kN
performance level, other combinations
provide the same performance at
higher fiber cost. Point B along the
6-kN iso-strength curve represents a
combination of two 293-g/m? liner-
boards and 2 1567-g/m? corrugating
medium. This combination has a fiber
cost overrun of about $0.08/160 m?
relative to Point A. However, if market
values change, Point B can become an

1. Iso-cost lines showing fiber cost (per 100m?) in single-wall

2. Iso-strength contours of BCS (in kN) of a single-wall corrugated

fiberboard, assuming $385/mietric ton for linerboard and ~ container as a function of components’ basis weights. Box perim-

$375/ metric ton for corrugating medium.

eteris 1.52 m.
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